We prove that any finitely connected domain in the plane can be distorted so that it becomes ''graviequivalent'' to a signed measure with arbitrarily small support. Precisely: if D ; ‫ރ‬ is a bounded, finitely connected domain with analytic Ž . boundary then for any a g D and r ) 0, ) 0 with B a, r q ; D there exists a < Ž . 
INTRODUCTION
The purpose of this paper is to prove the following theorem, stated, but w x not proved, in 8 . 
Ž . Ž .
That an equality of type 1.1 holds for e.g. all harmonic integrable h is often referred to by saying that ⍀ is a ''quadrature domain'' for the Ž w x . Ž. measure see, e.g., 11, 17 and references therein . By taking h z s < < Ž . Ž . log z y with f ⍀ one sees that 1.1 means or at least implies that Ž ⍀ regarded as a body with density one produces the same gravitational or . logarithmic potential outside ⍀ as does the signed mass distribution .
Thus the theorem roughly says that the set of bodies graviequivalent to Ž . signed mass distributions supported in any fixed ball B a, r are dense in Ž . the set of all bodies containing B a, r . One main point with this result is that if one instead asks for positi¨e mass distribution doing the same job, i.e., if one in the theorem requires also G 0, then it becomes tremen-Ž . dously false. Indeed, one may show that if 1.1 holds with G 0 and with < < 2 Ž area ⍀ G 4 r then ⍀ is essentially ball shaped e.g., ⍀ is simply connected, Ѩ ⍀ is analytic, and for any z g Ѩ ⍀ the inward normal of Ѩ ⍀ Ž .
. w x at z intersects B a, r . This follows from results in 11, 6, 7, 16, 10 . Ž . The corresponding theorem with 1.1 required to hold for all integrable Ž . w x analytic functions h was essentially proved in 5 . From this follows the theorem for harmonic h in case ⍀ is simply connected. A short direct w x proof for this case is also given in 8 . In the present paper we shall extend w x the results of 5 to prove Theorem 1.
Notation.
Ä 4 
Ž follows that f and f are meromorphic functions in D continuous in the 1 2 . extended sense up to Ѩ D and satisfying Ž . Ž .
Ž .
iii g extends to a meromorphic function on D.
Ž . Ž . When i ᎐ iii hold, , S, and g are related by
² :
Ž .
Ž . Any distribution g D DЈ ⍀ with support in a finite number of points is of the form
when f is analytic, many different distributions of the form 2.5 have 1 Ž . the same action on AL ⍀ . It is always possible to take a to be real k i j whenever i q j G 1, but this still does not make uniquely determined in general, since, e.g., Ѩ
2 frѨ x 2 s yѨ 2 frѨ y 2 . 1 Ž . One way to write the action of on AL ⍀ in a canonical form is to Ž . write 2.5 as
Ž . 
Ž . Ž . contradiction by taking f to be a polynomial with f z s 1, f z s 0 for
It is possible to construct ⍀ such that for a suitably large
See Proposition 4 below. Here the right member is ² : , f with s a␦ q i␦ y i␦ . This is nonreal and its action on 0 1 y 1 1 Ž . AL ⍀ does not coincide with that of any real-valued distribution with Ž . support in a finite number of points. Therefore, the identity 2.6 does not 1 Ž . hold for all u s Re f, f g AL ⍀ .
In order to get a quadrature identity for this ⍀ and holding for all 1 Ž . u s Re f, f g AL ⍀ , write f s u q i¨and let ␥ be the straight line segment from y1 to q1. Then
Ž . so that, taking real parts in 2.7 ,
Thus 2.6 holds, but with a distribution of a more general form.
Next we wish to discuss quadrature identities Ž . Ž . Proof. We first prove that i and ii are equivalent. To large parts this Ž w x . is actually well-known see 12, 14 , e.g. , but since there are some subtle points we prefer to outline the full proof.
Ž . Ž . Ž . 
< <
Let E z s y 1r2 log z be the standard fundamental solution of Ž . Ž . y ⌬so that y⌬ E s ␦ . If i holds, set 0 u s yѨz Ž . Then Ѩ SrѨ z s 1 y ⌬ u s in ⍀ so that S z is meromorphic in ⍀. By Ž . Ž . Ž .
, S z is continuous up to
Since the singularities of u at z , . . . , z are of finite order it follows that Ž . As for a , we note that
when ␤ is a closed curve in D, so then 2.16 is really the same as 2.12 . 
Ž .
Now to construct g we shall use the Mergelyan approximation theorem w x Ž for compact Riemann surfaces 4 . For the corresponding Runge theorem, w x . see, e.g., 2 . Let U be a small neighbourhood of D in D and set
. Then D _ K is connected and contains a if U is chosen properly . It is Ž . easy to see that it is possible to choose functions f, f , . Recall that ) 0 was given already in the formulation of the proposition, but we shall replace it by smaller values as necessary. We shall choose our g to be g s h q h q иии q h Ž . It remains to show that g satisfies condition 2.12 , i.e., in view of the discussion at the beginning of the proof, to show that , can be chosen Ž . large will be positive and we may even take a so large that moreover a < Ž .< Ž N < Ž .<. Hd )4 B 0, R in N dimensions: 2 B 0, R . a w x Under these conditions it is known 11, 6, 7, 15, 16, 10 that there exists a domain ⍀ containing B 0, R such that
